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Some systematic general features of y-scaling structure 
functions, which are essentiaUy independent of detailed dy- 
namics, are pointed out. Their physical interpretation in 
terms of general characteristics, such as a mean field descrip- 
tion and nucleon-nucleon correlations, is given and their re- 
lationship to the momentum distributions illustrated. A new 
scaling variable is proposed which allows a direct expression of 
the scaling function in term of an integral over the momem- 
tum distributions thereby avoiding explicit consideration of 
binding corrections. 



Inclusive quasi-elastic electron scattering is a power- 
ful method for measuring the momentum distribution of 
nucleons inside a nucleus. This is most succinctly made 
manifest by expressing the data in terms of the scaling 
variable y which, over a large kinematic range, can be 
identified as the longitudinal momentum of the struck 
nucleon, fc|| ||l|. At sufficiently large momentum trans- 
fers, q, the structure function, W{u, q^), which represents 
the deviation of the cross-section from scattering from 
free nucleons, scales to a function of the single variable 
y according to qW{i>, q^) ~ f{y) where v is the electron 
energy loss and q= |q|. Thus, in the scaling limit, qW 
approaches a function that effectively traces out the lon- 
gitudinal momentum distribution of the nucleons: 

oo 

f{y) = / n(fc||,k^)d2kx = 27r / n{k)kdk (1) 

\y\ 

Here, n{k) is the conventional nucleon momentum distri- 
bution function normalized such that 



/ d^kn{k) = f 
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Knowledge of f{y) can therefore be used to obtain n{k) 
by inverting Eq. (nf): 



n{k) 
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More generally, qW{v, q^) is related to the spectral func- 
tion, P(fc, E), which depends on the energy (E) as well as 
the momentum of the nucleons 0: qW{v,q^) ~ F{y) = 
f{y) - B{y) where 



B{y) = 2tt I dE I Pi{k,E) 



(4) 
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Pi is that part of P{k, E) generated by ground state cor- 
relations; (thus, in a mean field description or, for the 
caseof 2i7, Pi =0) ||. 

Over the past several years there have been vigorous 
efforts to explore y-scaling over a wide range of nuclei [H . 
The purpose of this paper is to point out, and give some 
insight into, some general universal features of f{y) that 
are essentially independent of the detailed dynamics and 
which seem to have been overlooked in past discussions. 
We shall show that the overall structure and systematics 
of the data can, to a large extent, be understood in terms 
of some rather general characteristics of nuclei. We pro- 
vide a physical interpretation of these features and show 
their relationship to momentum distributions. In addi- 
tion, we shall illustrate a new approach which allows a 
determination of f{y) directly from experimental data, 
thereby avoiding use of the theoretical "binding correc- 
tion", B{y). Up to now, longitudinal momentum distibu- 
tions have been obtained by extracting F(ii) from data 
and then estimating B{y) theoretically. Based on such 
a procedure a systematic analysis, to be presented else- 
where pi, exhibits the following general features of f{y) 
for nuclei with A < 56: 

i) /(O) decreases monotically with A, from ~ 
lOMeV^^ when ^ = 2 to ~ SMeV^^ for heavy nu- 
clei; moreover, for y ~ 0, f{y) ^ (a^ + y^)^^, with 
a ranging from ^ ibMeV for A = 2, to ~ lAOMeV 
for A = 56. 



ii) For 50A/ey < \y\ < 200MeV, F{y) - e~ 



with 



a ranging from 
for A = 56. 



bOMeV for A = 2, to - IbOMeV 



iii) For \y\ > AOOMeV, f{y) ~ Be-^^y^ with B 
ranging from 2.5 x 10~^MeV~^ for A — 2, to 
2 X lO^^MeV^^ for A = 56, and, most intriguingly, 
6 = 6 X lO^-^MeV^^, independent of A. 

The following simple form for /(y) yields an excellent 
representation of these general features: 



f{y) 



Ae-'^'y" 



Be~^\y\ 



a^ 



y 



(5) 



The first term dominates the small y-behavior whereas 
the second term dominates large y. Let us now dis- 
cuss the motivation and interpretation of this equation. 
The systematics of the first term are determined by the 
small and intermediate momentum behaviour of the sin- 
gle particle wave function. For \y\ < a this can be 
straightforwardly understood in terms of a zero range 
type of approximation and is, therefore, insensitive to 
the details of the microscopic dynamics, or of a specific 
model. The long distance behavior of a single parti- 
cle wave function is controlled by its separation energy 

{Q = M + Ma-1 — Ma) and is given by where 

a = (2/iQ)2, jj being the reduced mass of the nucleon. 
In momentum space (see Eq. (m below) this translates 
into (fc^ + a^)^^ so the parameter a occurring in (||) is 
to be identified with (2/i(5)2. This agrees well with fits 
to the data summarized in (i) above. 

Before discussing the intermediate range it is instruc- 
tive to consider first the large j/-behavior. Perhaps the 
most intriguing phenomenological characteristic of the 
data is that /(y) falls off exponentially at large y with 
a similar slope parameter for all nuclei, including the 
deuteron. Unlike the behavior for small y there is, as 
far as we are aware, no simple argument to explain this 
remarkable fact. Since (i) b is almost the same for all 
nuclei including A = 2, i.e., f(y), at large y, appears 
to be simply the rescaled longitudinal scaling function of 
the deuteron; and (ii) h{~ 1.18/m) <^ l/a_D(« 4.35/r7i), 
we conclude that the term e"'''^' is related to the short 
range part of the deuteron wave function and reflects the 
universal nature of TV TV correlations in nuclei. In momen- 
tum space it can be related to the effective single-particle 
potential, V{k), by 



{k' + a')^{k) = 2MJ ^_^X/(k-k')*(k') 



(6) 



where ^(k) is the single-particle wave function; (n(fc) = 
^(k)l^). The relationship of the exponential fall-off to 
VCk) will be discussed in some detail in a later paper. 
Notice, incidentally, that once B and b are determined 
by fltting the large y data, the remaining two parameters 
in Eq. (Q), A and a, can be fixed, respectively, from the 
value of /(O) and the normalization condition, Eq. (0). 
It is important to stress that, once this is done, there are 
no adjustable parameters for different nuclei. 

The intermediate range is clearly sensitive to the pa- 
rameter a, the gaussian form being dictated by the usual 
harmonic oscillator potential used in the shell model. 
Notice, however, that the gaussian is modulated by the 
correct \y\ < a behaviour, namely (y^ + a^)~^, thereby 
ensuring that the wave function has the correct asymp- 
totics. As an example. Fig. 1 shows the experimental 



scaling functions, /(y), for ^H and '^He compared to 
Eq. (||). The fit is excellent; for "'TJe, the value of a is 
slightly smaller than the conventional one obtained from 
a pure harmonic oscillator potential since the rms ra- 
dius receives an additional contribution from the term 
(a^ +2/^)^^ |5). A systematic analysis for a large body 
of nuclei exhibiting the same features as those shown in 
Fig. 1 will be presented elsewhere. 
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Fig. 1. The "experimental" longitudinal momentum dis- 
tributions of '^H H and '^He D compared with Eq. (|) with 
a = 0.23/m~^ and B = 0.048fm for '^H and a = O.SS/m"^ 
and B = 0.12fm for '^He. For both nuclei b = 1.2/m. Note 
that the errors on f{y) for H are of the same size as the data 
points; for ^He they are somewhat larger H 



With these observations it is now possible to under- 
stand the normalization and evolution of f{y) with A. 
First note that Eq. ffl) implies 



/(O)^/^^ 



i{k) 



(7) 



In other words, /(O) is a measure of (l/2fc) and so, as ex- 
pected, is sensitive to the small momentum, or large dis- 
tance, behavior of the wave function. Now, typical mean 
momenta vary from around 50 MeV for the deuteron up 
to almost 300 MeV for nuclear matter. We can, there- 
fore, immediately see why /(O) varies from around 10 for 
the deuteron down to around 2-3 for heavy nuclei [|6|. 
Since f{y) is constrained by a sum rule, Eq. (m), whose 
normalization is independent of the nucleus, a decrease 
in /(O) as one changes the nucleus must be compensated 
for by a spreading of the curve for larger values of y. 
Thus, an understanding of f{y) for small y coupled with 
an approximately universal fall- off for large y, together 
with the constraint of the sum rule, leads to an almost 
model-independent understanding of the gross features of 
the data for all nuclei. 

To sum up, the "experimental" longitudinal momen- 
tum distribution can be thought of as the incoherent 
sum of a mean field contribution, (/o 



— 5n — lC 



-a y 



with the correct model-independent small y-behaviour 
built in, and a "universal" correlation contribution (/i = 



Be~^l^l). Thus, the momentum distribution, n(k), which 
is obtained from (0), is also a sum of two contributions: 
n = no + f^l• This allows a comparison with results from 
many body calculations in which uq and ni have been 
separately calculated. Of particular relevance are not 
only the shapes of uq and tii, but also their normal- 
izations, 50(1) = JnQ(^i)(Pk = J f 0(1) dy, the so called 
occupation probabilities, which, theoretically, turn out 
to be, for '^He, Sq - 0.8 and 5"! - 0.2 whereas 
Eq. (|) yields So = 0.76 and Si = 0.24 @. A compari- 
son between the momentum distributions obtained from 
y-scaling and the theoretical ones is shown in Fig. 2. As 
can be seen the n{k) compare very well with theoretical 
calculations |9(]. Thus, the physical interpretation of our 
simple parametrization of f{y) strongly suggests a two- 
component form consisting of mean field and correlation 
contributions. In addition, we have shown that the mo- 
mentum distributions resulting from y-scaling agree with 
theoretical ones (in agreement with previous results from 
Ref. §). 
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Fig. 2. The nucleon momentum distributions for ^H and 
'^He resulting from Eq. (H), compared with realistic momen- 
tum distributions (as parametrized in ref. [[Ll|(b)) 



In making comparisons with data and/or extracting 
parameters for fits which can be compared to theoreti- 
cal models a problem arises that f{y) is affected by large 
errors, particularly at large y. These are due to (a) ex- 
perimental errors and lack of good inclusive data at large 
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more to the point here, the procedure used for applying 
the theoretical correction, B{y). The first source of error 
could in principle be minimized by the new generation 
of inclusive data expected from CEBAF [Q. Here, we 
would like to tackle the second problem by presenting a 
new approach which would allow a determination of f[y) 
essentially free from any theoretical correction contami- 
nation. 

The binding correction arises from the fact that the 
scaling variable y is effectively obtained from energy con- 
servation 



^[M^ 



k2]l/2 

(k + q)2]i/2 



(8) 



by setting k — y, -^ = cos a — 1, and, most im- 
portantly, the excitation energy, E'^_-^ = 0; thus, y 
represents the nucleon longitudinal momentum corre- 
sponding to the minimum value of the removal energy 
(E = Emin+E^_-^). The minimum value of the nucleon's 
momentum allowed by energy conservation in the limit 



\y - {E - Ermn)\. It 
-'mzji ClOeS Kjjiifi\y^ ^ J — 



q = |q| ^ oo, becomes kmin{y, E) 
can be seen that only when E = E„ 
\y\, in which case B — and F{y) = f{y). However, the 
final spectator {A — 1) system can be left in all possible 
excited states, including the continuum, so, in general, 
E%_, ^ and ^ > Ermn, so B{y) ^ 0, and F{y) ^ f{y). 
Thus, it is the dependence of fcmm on E\_t^ that gives 
rise to the binding correction. 
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Fig. 3. The experimental scaling functions F{y) for ^H 
and '^He compared with the longitudinal momentum distri- 
butions f{y) given by Eq. (h). In the upper part of the figure 
data are plotted vs. j/i whereas, in the lower part, vs. the 
new scaling variable, 1/2 (see Eq. (H); for ^H, j/i =1/2). Only 
the data at large q |n_3| were considered. As discussed in the 
text, scaling is greatly improved when the data are plotted 
vs. J/2. 



We propose to take account of this in the foUowing way. 
We adhere to the widespread consensus |l|] that the large 
k and E behaviours of the nuclear wave function are gov- 
erned by configurations in which the high momentum of 
a correlated nucleon (1, say) is almost entirely balanced 
by another correlated nucleon (2, say), with the spectator 
{A — 2) system taking only a small fraction of k. Within 
such a picture, it can be shown |]ll| that E\_^ « 4^537' 
which is nothing but the energy associated with the rel- 
ative motion of nucleon 2 and system {A — 2). Such a 
relation represents the very physical phenomenon that in 
the continuum part of the spectral function, E is a func- 
tion of k. When this is used in Eq. (||) a new scahng 
variable, 2/2, is obtained, which incorporates the excita- 
tion energy of the final {A — 1) system in the continuum 
0: 



2/2 = 



q^ Av^M^ - W 
T 



^..ni/2 



W2 



^(2) R.(2) 



(9) 



Here, i> = u + M,M = 2M - E^'^' , E^^^ = \Ea\- \EA-2l 
and W^ = M2 + 2i/M - Q^. For the deuteron E\_^ = 0, 
so y2 ^ V = \ - q/2 + [q^lA - {APAP - W4)/w2]i/2| 
with v = V + Md and M = Md- Thus, in general, ?/2 
can be interpreted as the scaling variable pertaining to a 

~ f21 

"deuteron" with mass M = 2M — E^f^' . It is worth stress- 
ing that for small y2(< (2MM^_i)i/2), y2 « yi, i.e. the 
usual variable is recovered. Thus 2/2 is physically useful 
in both the correlation and the single particle regions. 
More importantly, since krmn{q,v,E) ~ |y2|, ^(2/2) — 
so that -F(j/2) — /(y2)- Thus, plotting data in terms of 2/2 
allows a direct determination of /(2/2)- If such a picture 
is correct, one would expect from our analysis above, the 
same behaviour of 7(2/2) at high values of 2/2 for both 
the deuteron and complex nuclei which is, indeed, the 
case, as exhibited in Fig. 3. This is in contrast to what 
happens with F{y). 

We can summarise our conclusions as follows: 

i) The general universal features of the 2/-scaling func- 
tion have been identified and interpreted in terms 
of three contributions: a model-independent zero- 
range contribution, a "universal" correlation con- 
tribution and a mean field contribution; 

ii) The shape and evolution of the curve have been un- 
derstood both quantitatively and qualitatively on 
general grounds; 

iii) By defining a proper scaling variable which incor- 
porates the excitation energy of the [A — l) system 
generated by correlations, the longitudinal momen- 
tum distributions can be directly obtained from the 
experimental data, without introducing theoretical 
corrections. 
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